Introduction
The title refers to the following conjecture of E. Friedlander [12] : The two conjectures are equivalent for F = C and G a complex algebraic Lie group by Grothendieck's comparisons theorems betweenétale and singular cohomology, but each contains cases which are not reached by the other.
The aim of these conjectures is the computation of the right hand side that is to say the mod cohomology of the (classifying space of the) discrete group G(F ). Indeed, again by Grothendieck's comparisons theorems the left hand side of conjecture 1 is isomorphic to the singular mod cohomology of the topological classifying space of the complex algebraic Lie group G(C) of complex points of G. The singular cohomology of the classifying space of a Lie group is in practice already computed (in most cases) by standard technics of algebraic topology and should be considered as "simpler". For instance H * sing (BSL n (C); Z/ ) is known to be a polynomial ring with coefficients in Z/ on the Chern classes c 2 , . . . , c n .
The main evidence for these conjectures is the result of Suslin [60, 61] which establish the case G = SL ∞ (which is not an algebraic group!) for each separably closed field F . Friedlander and Mislin also proved the conjecture for G arbitrary and F the algebraic closure of a finite field [14] . Using Suslin's results [62] on stability properties of the homology for SL n one may deduce the conjecture for SL n in (co-)homological degree * small enough compared to n. For the classical groups like the orthogonal and symplectic group, one may as well deduce from Suslin Theorem partial results using stability properties; see for instance [29] . Except these cases obtained from Suslin's result by stabilization properties, the conjecture is basically unknown. For further references the reader should check [30] and [50] . Up to now in particular, there is no known split simple algebraic group G for which the conjecture holds over any separably closed field F .
Let us start with the following result which establishes what we call "the weak Friedlander-Milnor conjecture": 
Here Δ •
F denotes the cosimplicial affine F -scheme defined by Δ n F := Spec(F [T 0 , . . . , T n ]/( i T i − 1)) and with the standard cosimplicial structure. In the previous Theorem G(Δ • F ) denotes the simplicial group obtained by evaluating G on Δ • F , and BG(Δ • F ) means its classifying space (as in [9] for instance). Thus the right hand side of the previous isomorphism is the mod singular cohomology of classifying space of the simplicial group G(Δ • F ). The morphism itself comes from a commutative square of the form
in which Sing A 1 • (G) is the Suslin-Voevodsky construction on G (see below), the left vertical morphism is an isomorphism and the bottom horizontal morphism is the one appearing in the Friedlander conjecture. This diagram will be discussed in Section 1.1 below.
Remark 4. Classical devissage methods and Theorems for the structure of algebraic groups over perfect fields allow one to extends the previous Theorem to smooth F -groups scheme which can be defined over a perfect subfield of F . The cases where G is an abelian variety, a smooth unipotent group defined over a perfect subfield, a discrete finite group, or a split Torus are straightforward to check. Thus the main point of the Theorem and of the Friedlander-Milnor conjecture is the case where G is (semi-)simple.
We observe (see [30, page 110] ) that if F is finite the homotopy invariance of group cohomology is false in general. The previous notion is relevant because of the following consequence:
Corollary 6. Let F be a separably closed field, let G be any reductive algebraic F -group and be a prime different from char (F ) From [24] it follows that the group SL 2 doesn't have the property of homotopy invariance of group cohomology at . The weak FriedlanderMilnor conjecture reduces the Friedlander-Milnor conjecture for SL 2 to the statement that the morphism (0.1)
) induces an isomorphism on mod homology for any separably closed field F of characteristic = .
The SL 2 case should be quite special and we believe that each semisimple group, not containing the type SL 2 , should satisfy the homotopy invariance of group cohomology at , at least over a separably closed field F of characteristic = .
For the group SL 3 the homotopy invariance for group cohomology is proven in [30, Theorem 4.6.8] because for polynomial rings with coefficients in a field F one knows that E 3 agrees with SL 3 by results of Suslin [59] . The Theorem of Knudson is an elaboration on the work [56] of Soulé who proved the invariance property for each split semi-simple groups in the case of polynomial rings in one variable. In [70] the technics of Knudson are generalized to any split semi-simple group of rank 2. Moreover Wendt also proved in [71] that SL 4 has the homotopy invariance of group cohomology at . Consequently we get altogether:
Remark 8. In a work still in progress, we hope to fix the case of SL 2 as well by establishing that (0.1) induces an isomorphism on mod homology for any separably closed field F of characteristic = .
When F is the field of complex numbers, Grothendieck In Section A of the Appendix we give a direct treatment of the degree 2 case of the Friedlander conjecture, which relies on standard facts on central extensions of algebraic groups and the theory of A 1 -universal coverings developed in [41] . This should be compared to the results of [50] . Using a slight elaboration of the technics of this work, one may in fact go one step further and prove the conjecture for * ≤ 3 for any group.
To explain our strategy for the weak Friedlander conjecture, alias Theorem 3, let us recall that the Quillen algebraic K-theory groups K n (F ) of a field F (or of a regular ring) are isomorphic in degree n ≥ 1 to the KaroubiVillamayor K-theory groups K KV n (F ) := π n (B(GL ∞ (Δ • F )), see for instance [17] . The argument of Suslin relies on the existence of certain transfers morphisms in mod algebraic K-theory groups, which are used in a fundamental way to prove the famous rigidity theorem.
Our approach will use extensively the Suslin-Voevodsky construction on G, denoted by Sing A 1
• (G), that is to say the previous construction, but really considered as a simplicial sheaf of groups
on the category Sm k of smooth k-schemes in the Nisnevich topology, where k is a fixed perfect base field (like a prime field for instance). Recall [47, 44] that the Nisnevich topology has for covering families {U i → X} i in Sm k thé etal covering families with the property that for any point x ∈ X there is an i and a point y in U i lying over x with the same residue field. Except otherwise stated, in this text we only use the Nisnevich topology on Sm k .
To be more precise on our approach, we will study the "A 1 -homotopy type" of its classifying space BSing A 1
• (G), a simplicial sheaf of sets on Sm k in the Nisnevich topology, or a space in short, see [44] . The main obstruction to adapt Suslin's method to the space BSing A 1 • (G) comes from the fact that the correspondence F → π n (BSing A 1
• (G)(F )) doesn't form a cohomology theory and that there is no way, a priori, to endow it with suitable transfers, as opposed to the above case G = SL ∞ .
To get round this difficulty we will introduce a rather new approach based on A 1 -homotopy theory which proceeds roughly speaking in two fundamental steps.
The first step reduces the Theorem 2 to checking a rigidity property for the A 1 -chain complexes C A 1 * ((G m ) ∧n ; Z) of the smash-powers of G m 's for all n's. This reduction step is highly of homotopical nature, but also uses in an essential the Bruhat decomposition for split groups, and also relies essentially on some highly non trivial results from [41] . These results, and part of their proof, contains, on the other hand, the "genes" of the notion of sheaves with generalized transfers which is used in the second step.
Observe that as a consequence, the first step reduces Theorem 2 to a statement which doesn't depend on any group G, nor any field F .
The second step is to prove the expected rigidity property for these chain complexes C A 1 * ((G m ) ∧n ; Z): one has to understand why applying the "abstract" A 1 -localization functor for chain complexes to Z((G m ) ∧n ) yields a chain complex whose homology sheaves have the rigidity property at ; this is done by observing that these homology sheaves are endowed with a structure of sheaves with generalized transfers, for which the one considered by Voevodsky [67] are one of the examples. We conclude by a reduction at the very end to the classical rigidity Theorem of [63] .
Let us give more details. From now on k is a fixed perfect field. In Section 1 we give some recollection on the characterization of A 1 -local spaces [44, 41] in terms of A 1 -homotopy sheaves; this is one of the result that we use from [41] . We then prove that the classifying space BSing A 1
• (G) is A 1 -local for any split semi-simple group. It is moreover simply connected if G is simply-connected in the sense of algebraic group theory.
In section 2 we observe along the classical lines, see [60, 63, 28, 30] , that Theorem 3 is a consequence of the "rigidity property at " of the space BSing A 1
• (G). It is also well-known (see Knudson's book [30] or Jardine's article [28] ) that this rigidity property for the space BG itself implies directly Friedlander's conjecture. However, though there is so far no known method to prove it for BG directly, in contrast, we are able to prove it for BSing A 1
• (G). The latter space is a bit more flexible than BG, it should be thought of as the +-construction in the A 1 -homotopy sense, and can thus be reached by standard method of algebraic topology, in contrast to BG.
To prove the rigidity property at for BSing A 1
• (G) we will use the following Theorem which we prove in Section 3:
Theorem 10. Let X be a pointed simply-connected A 1 -local space over the base field k, be a prime different from char (k) . If the A 1 -chain complexes C A 1 * (X n ; Z/ ), n ≥ 1, have the rigidity property at , then the space X satisfies the rigidity property at .
To prove the Theorem 10, we implement first in Section 3.1 the A 1 -lower central series, which is constructed by analogy with [8, 9] from the classical lower-central series filtration of the loop space. This gives a canonical expression of the pointed simply connected A 1 -local space X as the homotopy inverse limit of a tower of simply connected pointed spaces
, whose loop space is the free Lie algebra functor L s−1 in weight s − 1 applied to the loop space of the Eilenberg-MacLane space KC * (X ) associated to the chain complex C * (X ) of X . Using [8] and the fundamental connectivity results from [41] , we see that
gets highly and highly A 1 -connected as s increases. The proof of Theorem 10 follows from this in Section 3.2 through a devissage of the total A 1 -derived functor of the free Lie algebra functors L s , that is to say of A 1 -localization of spaces of the form L s−1 (KC * ), for C * a complex of abelian sheaves (see [11, 10] for the notion of derived functors of non additive functors in the classical case).
We prove that the A 1 -chain complexes C A 1 * ((BSing A 1 • (G)) n ; Z/ ), n ≥ 1, have the rigidity property at in Sections 4 and 5. Using general simple facts on the A 1 -chain complexes, we show in Section 4 that the Bruhat decomposition for G reduces the rigidity property at for the space BSing A 1
• (G) to the rigidity property of the A 1 -chain complexes C A 1 * ((G m ) ∧n ) of smash-products of G m 's. This finishes the first step of our proof.
The rigidity property of the A 1 -chain complexes C A 1 * ((G m ) ∧n ) is proven in section 5. To do this we embed the free sheaf of abelian groups
on the n-th smash-power (G m ) ∧n of G m into an explicit sheaf Z tr (n) called the transfer completion of Z n , such that by construction, for any finite field
This sheaf Z tr (n) must be thought of as the sheaf of finite correspondences to A 1 with coefficients in Z(n), in the spirit of [67] .
We then prove in a very explicit way that the monomorphism
is an A 1 -quasi-isomorphism, that is to say that the A 1 -localization functor L ab A 1 (−) for chain complexes induces a quasi-isomorphism of chain complexes of abelian groups on Sm k
Some general fact on A 1 -localization and base change imply that the above transfers morphisms from Z(n)(L) to Z tr (n)(K) induce then actual transfers morphisms on the homology sheaves of the chain complex C A 1 * ((G m ) ∧n ). The A 1 -homology sheaves of the A 1 -localizations are known [38, 41] to be strictly A 1 -invariant sheaves. A strictly A 1 -invariant sheaf M is a sheaf of abelian groups on Sm k such that for any X ∈ Sm k the map
is an isomorphism. Here the cohomology is computed in the Nisnevich topology. These type of sheaves form an abelian category, and the structure of transfers on those that we obtained is a new one, which we call strictly A 1 -invariants sheaves with generalized transfers, see Section 5.2 for a precise definition. To be slighlty more precise, this structure involves a structure of sheaf of modules over the sheaf GW = K MW 0 of unramified GrothendieckWitt rings of symmetric non-degenerate bilinear forms constructed in [41] (it is called there the Milnor-Witt K-theory ring in weight 0), which is compatible in a tricky sense with the transfers. The structure of homotopy invariant sheaves with transfers defined by Voevodsky [67] is exactly the particular case where the GW-module structure is trivial, that is to say factors through the rank homomorphism GW → Z.
We conclude the proof of the rigidity property for the A 1 -chain complexes C A 1 * ((G m ) ∧n ) by observing first that for odd, when −1 is a square in the base field, the GW-module structure on the mod homology sheaves has to be trivial, thus giving homotopy invariant sheaves (of Z/ -vector spaces) with transfers in the classical sense of Voevodsky. These sheaves have the rigidity property by [63] . Theorem 3 for odd follows from this.
To prove the rigidity property at the prime = 2 requires a bit more work. Roughly speaking we observe that for a strictly A 1 -invariant sheaf M with generalized transfers, one may define a filtration
by strictly A 1 -invariant sheaves stable under the transfers and the GWmodule structures which is directly induced by the filtration of GW by the powers of the fundamental ideal I ⊂ GW. The successive subquotients I n M/I n+1 M are thus homotopy invariant sheaves with transfers in the sense of Voevodsky and thus satisfy the rigidity property at 2 as well.
To conclude in the case = 2 using this filtration, we observe that for a strict henselization A of a (geometric) point in a smooth k-scheme with fraction field F one has I n M (F ) = 0 for n ≥ 2. One thus concludes from the rigidity property of I n M/I n+1 M for n = 0 and 1.
We also observe that just the existence of the subsheaf IM ⊂ M is enough to prove the rigidity property at 2 in the original sense of Suslin, that the mod 2 homology H * (BSing A 1
• (G)(F ); Z/2) doesn't depend on the separably closed field F . In finite characteristic this suffices to prove Theorem 3 by the results of [14] .
Remark 11. Using the affirmation by Voevodsky of the Milnor conjectures, which implies (see [2, Lemma 2.1]) that for a field F of finite type over its prime field, I n+1 (F ) = 2I n (F ) for n large enough, we get a much stronger rigidity property, which holds for any henselization of a point of a smooth k-scheme.
The property that we actually can prove for the space BSing A 1
• (G) is indeed much stronger that just to imply the weak Friedlander conjecture. It implies also in case −1 is a square in k that the canonical morphism
from the space to its motivic completion, obtained either by the method of Sullivan [58] or directly as the Bousfield-Kan Tot construction [5] applied to the cosimplicial space obtained by using the pair of adjoint functors "Voevodsky motive" and "motivic Eilenberg-MacLane space", is a weakequivalence when evaluated at fields (or Henselian local rings). We will come back to this point in a sequel to this work. One says then that
To emphasize our method, let us mention the following result which is a generalization of Theorem 3 (obtained by taking for k an algebraic closure of a prime field and X = BSing A 1
• (G)): In particular, for any extension k ⊂ F with F separably closed, the morphism of simplicial sets X (k) → X (F ) induces an isomorphism
and moreover the natural ring homomorphism [3, 13] ) to the inclusions of spaces
is an equivalence. Our technic may be used to extend these results to the Suslin-Voevodsky construction on other smooth k-schemes. For instance one gets a pro-equivalence of the form
by applying the pro-étale homotopy type functor to the inclusion of spaces
More generally one may derive such equivalences for the Suslin-Voevodsky construction Sing A 1
• (X) on various homogeneous varieties of the form X := G/H, where H is a k-subgroup of G.
This proves that under the previous assumptions, the "very naive" mod homology of the simplicial set Sing A 1
• (X)(k) coincides with the mod Suslin homology of X as it follows from [63] . This result is also new.
Conventions.
For a field F , we let Sm F denote the category of finite type smooth F -schemes.
In the sequel, k denotes a fixed perfect field, G a fixed split semi-simple k-group, and denotes a prime number different from char(k). We let F k denote the category of fields extensions of k which are of finite transcendence degree over k.
If not otherwise stated, by sheaf we always mean a sheaf in the Nisnevich topology on Sm k and by a space we mean a simplicial sheaf of sets in the Nisnevich topology on Sm k .
We refer the reader to [44, 41] for the basic notions concerning the simplicial and A 1 -homotopy theory of sheaves, the notion of chain complexes and their corresponding Eilenberg-MacLane spaces, and the notions of A 1 -homotopy sheaves, A 1 -homology sheaves and A 1 -chain complexes, which we will use freely.
We will finally assume the reader is acquainted with the notion of essentially smooth k-schemes, these are for us noetherian k-schemes obtained as inverse limit of a system of smooth k-schemes in which the transitions morphisms areétale and affine. For instance the spectrum of the local ring O X,x of a smooth k-scheme X at a point x. Or its henselization O h X,x . For such an essentially smooth k-scheme U = lim α U α , and for X a space, we will denote by X (U ) the simplicial set obtained as the filtering colimit of the X (U α )'s. For instance, if F ∈ F k , Spec(F ) is essentially smooth over k, and X (F ) is the stalk of X at F .
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is the standard algebraic cosimplicial simplex over F [63] . If M is a sheaf (in the Nisnevich topology) on Sm k , this simplicial presheaf is a simplicial sheaf of sets, which we denote by Sing A 1
• (M). We will call this construction the Suslin-Voevodsky construction on M.
We will be interested in the Suslin-Voevodsky construction Sing A 1 • (G) on G itself. It is a simplicial sheaf of groups on Sm k , in fact a sheaf in thé etale topology as well, but at this point we will ignore it. We may consider its simplicial classifying space BSing A 1
• (G) defined by the usual formulas (see for instance [44, page 128] 
This is our starting point. We will refer to this result as the "weak Friedlander conjecture". The space BSing A 1
• (G) is somehow much more flexible than the simplicial classifying space BG as it will appear in the next sections. For instance for G simply connected (as an algebraic k-group) BSing A 1
• (G) is a (A 1 -)simply connected space by Theorem 1.5 below, though in contrast BG has for only non trivial simplicial homotopy sheaf its π 1 which is G itself! The space BSing A 1
• (G) may be thought in some sense as the +-construction on BG. The morphism
induces an isomorphism on A 1 -homology (see below) and BSing A 1
• (G) is A 1 -simply connected. Its homotopy sheaves in contrast to that of BG are unknown (expect the first one by the Hurewicz Theorem), but these are much more flexible objects!
• (G) and its classifying space. In [41] we proved that Sing A 1
• (SL n ), for n ≥ 3, is A 1 -local. Recall from [44] that a space X is A 1 -local if and only if the morphism to its
is a simplicial weak equivalence. We proved in fact a much stronger property of Sing A 1
• (SL n ): it has the affine A 1 -Brown-Gersten property in the Nisnevich topology. This result has been generalized to any semi-simple k-group G by Wendt [69] , except for the type SL 2 , which has recently been settled by L.-F. Moser. Thus:
We will say that X is chain A 1 -local if the Suslin-Voevodsky construction Sing A 1
• (X) on X is A 1 -local. In fact I do not know any example of X which is not A 1 -chain local.
2) Let M be a sheaf of abelian groups with transfers in the sense of Voevodsky [67] . Then one of the consequences of the results of Voevodsky on sheaves with transfers [67] [68] is that the spaces Sing
The difficulty in proving Theorem 1.3 is of course that the sheaf of groups G is not abelian and has no reasonable structure of transfers.
The following result is a non-trivial consequence of Theorem 1.3: Remark 1.6. This is the only place where we use the assumption char (k) = 2. As so far Theorem 1.3 only holds in characteristic not 2.
The Friedlander conjecture and the rigidity property
2.1. The rigidity properties at . We now introduce the rigidity property at concerning a space. A discussion of rigidity properties and various implications towards the Friedlander-Milnor conjecture may be found in [30, §5.3] . We consider 3 notions, inspired by the rigidity Theorem of [63] and the approach of [28] , though in fact we are able to prove the strongest possible one.
Below we show that if the space BSing A 1 • (G) has the rigidity property then the weak Friedlander conjecture holds for G and any separably closed field extension F of k.
Definition 2.1. Let X be a space.
1) We will say that X has the weak rigidity property at if for any extension k ⊂ F with F a separably closed field, the natural map of simplicial sets X (k s ) → X (F ) induces an isomorphism in mod homology:
(Here k s ⊂ F means the separable closure of k in F , which is of course separably closed itself.) When no confusion can occur on which is fixed, we will just say "X has the weak rigidity property" instead of "X has the weak rigidity property at ". 2) We will say that X has the rigidity property at if for each strict henselization O sh X,x of the local ring of a point x ∈ X ∈ Sm k with separably closed residue field κ(x) s , the natural map of simplicial sets X (O sh X,x ) → X (κ(x) s ) induced by restriction to the closed point induces an isomorphism in mod homology:
When no confusion can occur on , we will just say "X has the rigidity property" instead of "X has the rigidity property at ". 3) We will say that X has the strong rigidity property at if for each henselization O h X,x of the local ring of a point x ∈ X ∈ Sm k with residue field κ(x), the natural map of simplicial sets X (O h X,x ) → X (κ(x)) induced by restriction to the closed point induces an isomorphism in mod homology:
When no confusion can occur on , we will just say "X has the strong rigidity property" instead of "X has the strong rigidity property at ". Example 2.2. The simplicial classifying space BG m of the multiplicative group G m has the strong rigidity property at . Indeed to check this we have to prove that for each henselization A := O h X,x of a point x ∈ X ∈ Sm k with residue field κ = κ(x) the morphism "restriction to the closed point"
induces an isomorphism on mod -homology for different from the characteristic of κ. It suffices to check that the kernel K of the surjective group homomorphism A × → κ × has trivial mod -homology; for this it suffices to observe that K is uniquely -divisible, which follows directly from the classical definition of an henselian local ring.
Observe however that the multiplicative group G m itself, considered as a space (placed in simplicial degree 0) has not the rigidity property at .
Remark 2.3. 1) The main result of this work is to prove that more generally, the space BSing A 1
• (G) has the strong rigidity property at , for G split semi-simple (see Theorem 2.17).
2) It doesn't follow that the space BG itself has the rigidity property at . It sounds reasonable to believe this anyway. This would follow from our main result (Theorem 2.17) and from the following property of "homotopy invariance for group cohomology on henselian rings": let O h X,x be the Henselization of a point x ∈ X ∈ Sm k then the morphism
The following Lemma will be useful:
. Assume that F → E → B is a simplicial fibration between fibrant pointed spaces, with B connected. Assume that for any
x ∈ X ∈ Sm k the action of π 1 (B(O h X,x )) on the mod -homology of F((O h X,x )) is
trivial (for instance if B is simply connected or if the fibration is up to weak equivalence a principal fibration with group G ∼ = F connected). Then if two of B, E or
F have the rigidity property of type i ∈ {1, 2, 3}, then so has the third.
Proof. Indeed, let us do the case of type 3, the strong rigidity property. For each point x ∈ X ∈ Sm k with residue field κ(x) we may consider the two Serre homology spectral sequences with mod coefficients of the two fibrations sequences of simplicial sets
. From the assumptions, both E 2 terms are of the form H * (B; Z/ ) ⊗ H * (F; Z/ ) (meaning that the local coefficients systems are constant). Using the naturality of the Serre spectral sequence, the rest of the argument is classical.
Remark 2.5. For instance, assume that F → E → B is a simplicial fibration between fibrant pointed spaces with B simply connected and E weakly contractible. In other words F has the weak simplicial homotopy type of the simplicial loop space Ω(B). Then the previous Lemma tells us that the following properties are equivalent:
(1) B has the rigidity property of type i, • (G) has the rigidity property, then BSing A 1
• (G) has the rigidity property. In what follows we give a not very surprising characterization of pointed simply connected space X which have the rigidity property in term of their simplicial homotopy sheaves. We leave to the reader to state and prove the analogue statement involving the weak (resp. strong) rigidity property. Recall that for M an abelian group we let respectively [ ] M and M/ be the kernel and the cokernel of the homomorphism "multiplication by ": 
(iii) for each integer n ≥ 2 and for each henselization O h X,x of the local ring of a point x ∈ X ∈ Sm k with residue field κ(x), the two homor-
is proven using the Postnikov tower {P (n) (X )} n of X and follows by induction on n from the fact that for each n the map
, n) induces by assumption an isomorphism on mod homology. To prove the converse implication (i) ⇒ (ii) one uses induction on r and the Lemma 2.8 below. 
Reformulation of the rigidity property in term of simplicial chain complex.
We let Ab(k) denote the abelian category of sheaves of abelian groups in the Nisnevich topology on Sm k , and C * (Ab(k)) the category of chain complexes in Ab(k) (with differential of degree −1). Given a space X we let Z(X ) denote the free simplicial sheaf of abelian groups generated by X , that is to say the sheafification of the presheaf U → Z(X (U )) obtained by taking (degreewise) the free abelian group generated by the simplicial set X (U ). This is a simplicial sheaf of abelian groups, and we may associate to it its normalized chain complex C * (X ; Z) ∈ C * (Ab(k)) (see for instance [9] for the definition of normalized chain complex). This chain complex is called the simplicial chain complex 3 of X . We let C * (X ; Z/ ) be the mod version, which means the tensor product
The n-th homology sheaf of C * (X ; Z) (resp. C * (X : Z/ )) is called the n-th simplicial homology sheaf of X with Z (resp. Z/ ) coefficients and is denoted by H n (X ; Z) (resp. H n (X ; Z/ )).
Definition 2.9. 1) A chain complex C * of Z/ -modules will be said to have the rigidity property (at ) if and only if for each henselization O h X,x of the local ring of a point x ∈ X ∈ Sm k with residue field κ(x), the natural morphism of chain complexes of Z/ -modules
is a quasi-isomorphism. 3 as opposed to the A 1 -chain complex which will appear later 2) A chain complex C * of abelian groups will be said to have the rigidity property (at ) if and only if for each henselization O h X,x of the local ring of a point x ∈ X ∈ Sm k with residue field κ(x), the natural morphism of chain complexes of Z/ -modules
is a quasi-isomorphism (in other words if C * ⊗ L Z/ has the rigidity property).
Example 2.10. 1) A complex of sheaves with transfers in the sense of Voevodsky [67] whith A 1 -invariant homology sheaves has the rigidity property at by [63] .
2) Let M be a sheaf of Z/ -modules. Then the complex M (placed in degree 0) has the rigidity property at if and only if for each henselization O h X,x of the local ring of a point x ∈ X ∈ Sm k with residue field
3) Let M be a sheaf of abelian groups. Then the complex M (placed in degree 0) has the rigidity property at if and only if the sheaves M/ and [ ] M (kernel of the multiplication by ) have the rigidity property. Of course as these two sheaves are sheaves of Z/ -modules, we may use the characterization given in the preceding point. (i) the space X has the rigidity property at ; (ii) the chain complex C * (X ; Z/ ) has the rigidity property at . 2) Let C * be a chain complex of sheaves of Z/ -modules and let KC * be its corresponding Eilenberg-MacLane space. If H * (C * ) = 0 for * < 0, the following conditions are equivalent:
(i) the space KC * has the rigidity property at ; (ii) the chain complex C * has the rigidity property. 3) Let C * be a chain complex of sheaves of abelian groups and let KC * be its corresponding Eilenberg-MacLane space. If H * (C * ) = 0 for * ≤ 0, the following conditions are equivalent:
(i) the space KC * has the rigidity property at ; (ii) the chain complex C * has the rigidity property.
Proof. The point 1) is clear. The point 2) follows from the following classical fact: a morphism A • → B • between two simplicial Z/ -modules is a simplicial weak equivalence if and only if it induces a isomorphism in the mod homology of the underlying simplicial sets. The third point follows easily from this, taking into account the connectivity assumption.
Remark 2.12. Observe that one can't remove the assumption H * (C * ) = 0 for * ≤ 0 in the last point, as for instance the chain complex G m itself has the rigidity property at (compute H * (G m ⊗ L Z/ ) and check it!) but the space G m doesn't have the rigidity property at .
We may now prove: Theorem 2.13. Assume k is algebraically closed and let X be a space which has the rigidity property at . Then the canonical morphism of complexes of sheaves
is a quasi-isomorphism in theétale topology (where the left hand side means the associated complex of constant sheaves). Equivalently, for any n ∈ N, the sheaf H n (X ; Z/ ) is constant in theétale topology. Finally the natural ring homomorphism (see below for the precise definition):
is an isomorphism.
Proof. The first statement follows from the definition of the rigidity property at , Lemma 2.11 above and Lemma 2.15 below, just by using the property of Definition 2.9 for henselization of closed points of smooth k-schemes.
The last assertion follows from this and the fact that if we let Z/ et (k) denote the abelian category of sheaves of Z/ -modules [23] , and D(Z/ et (k)) its derived category, then for any space X , by the very definition ofétale cohomology, one has a canonical isomorphism
where C * (X ; Z/ ) et is the simplicial mod chain complex of X in theétale topology, in other words the sheafification of C * (X ; Z/ ) in theétale topology. The canonical (iso)morphism mentioned in the statement of the Theorem is thus the composition:
follows from the fact that any constant sheaf of Z/ -modules in theétale topology is projective (as k is algebraically closed).
Remark 2.14. There is no obvious sheaf theoretic reformulation of the weak or strong rigidity property. For instance observe that the sheaf K M n , n ≥ 1 say, has the strong rigidity property. In particular the associated sheaf to K M n / in theétale topology is indeed trivial (easy to check, any unit is an -power locally in theétale toplogy). However the strong rigidity property tells us much more: for any henselization O h X,x of a point x in a smooth k-scheme X the morphism
We will only care on the rigidity property in this work as it is sufficient to prove Theorem 3. 
Thus we may replace M by the cokernel of this morphism and assume that M (k) = 0. We thus have to prove that M = 0.
. This means that there is anétale morphism V x → X whose image contains x such that α|V x = 0. But the family {V x → X} x is a covering family of X in theétale topology, so that α = 0.
Remark 2.16. 1) Let X be a pointed simply connected space. Let X → X [ 1 ] be the universal morphism obtained by inverting in the homotopy sheaves of X (this is constructed as in [58] ). The homotopy fiber X −tor of the morphism X → X [ 1 ] is a space whose homotopy sheaves are -torsion. If X satisfies has the rigidity property at , it is easy to check that X −tor also has the rigidity property at . Moreover if k is algebraically closed, then X −tor (k) → X is a simplicial weak equivalence in theétale topology. In other words, X −tor becomes constant in theétale topology.
2) One may deduce from the Theorem that if a space X has the rigidity property at , the obvious morphism X (k) → X induces an equivalence of pro-spaces X (k)ˆ →X ,et after taking theétale homotopy type functor [3, 13] , where the left hand side means the pro--completion of the simplicial set X (k).
Taking Theorem 2.13 into account, we have reduced the proof of Theorem 1.2 and thus of Theorem 3 to the following: Theorem 2.17. For any perfect field k and any split semi-simple k-group G, the space BSing
• (G) has the rigidity property. Remark 2.18. As we already mentioned, in fact, we may prove the strong rigidity property. See [42] [43] . Now to start proving Theorem 2.17, we need at last to let the A 1 -chain complex come in the game.
3. The rigidity property and the A 1 -chain complex 3.1. A 1 -chain complexes and the A 1 -lower central series. We want now to connect the rigidity property of a space X , or equivalently (see the previous section) of its simplicial chain complex C * (X ), to the rigidity property of its A 1 -chain complex C A 1 * (X ). The latter is still a mysterious object, obtained from C * (X ) by applying a rather abstract functor L ab A 1 of A 1 -localization of chain complexes. But on the other hand it appears also to be more flexible. First it is clear that the morphism
is a quasi-isomorphism. At this point there is no difference between the two spaces involved. One of the crucial steps in our approach is to be able to observe that C A 1 * (G), and then
, lies in the thick subcategory of chain complexes generated by the C A 1 * ((G m ) ∧n )'s, as it follows from the Bruhat decomposition. This wouldn't be possible if we would stay at the level of simplicial chain complexes.
We start by giving some recollections on A 1 -chain complexes from [38, 41] . We let D(Ab(k)) be the derived category of Ab(k), that is to say the category obtained from C * (Ab(k)) by inverting the quasi-isomorphisms. This category is the homotopy category of a model category structure [49] on C * (Ab(k)) with weak equivalences the quasi-isomorphisms and cofibrations the monomorphisms 4 . In the case of the category of abelian sheaves in the Nisnevich topology, which has a set of generators of finite cohomological dimension, this is well known, see [41, Section 3.2] .
We let 
which induces an equivalence of categories
The main result of [38] is that the functor L ab A 1 preserves connectivity of chain complexes. As a consequence, we proved in loc. cit. that if Ab A 1 (k) ⊂ Ab(k) denote the full subcategory of strictly A 1 -invariant sheaves, a chain 4 The existence of this model category structure on the category of complexes in a Grothendieck abelian category is due independently to several authors, amongst them A. Joyal, and the author, but so far unpublished complex C * is A 1 -local if and only if its homology sheaves H * (C * ) are in Ab A 1 (k). However in general (if H 0 C * = 0) this is not true, and for this reason we used different notations for the A 1 -localization functor for spaces and for complexes. However in each of the situations we will meet the previous result will imply that we may identify those using the previous simplicial weak-equivalence. We will use frequently this identification.
Let X be a space and let C * (X ; Z) be its normalized chain complex, see When X is pointed, one may consider the reduced A 1 -chain complex C A 1 * (X ; Z), as well the reduced A 1 -homology sheavesH A 1 * (X ; Z), by removing the factor Z in C A 1 * (X ; Z) corresponding to the base point. We may also consider as in the simplicial case the A 1 -chain complexes and homology sheaves with Z/ -coefficients: C A 1 * (X ; Z/ ) and H A 1 * (X ; Z/ ). Now we introduce one of the main new technical tool: the A 1 -lower central series. Let us start by recalling the classical one.
The lower central series for sheaves of groups. We assume the reader familiar with the usual lower central series for groups, which can be found for instance in [9] . Let G be a sheaf of groups (on (Sm k ) Nis ). Its "naive" lower central series . . .
It is well known (cf loc. cit.) that there is a structure of graded Lie algebra on the associated graded (sheaf of) abelian group(s) Gr * (G) = ⊕Γ r (G)/Γ r+1 (G), that Gr 1 (G) = G ab the abelianization of G, and that the induced morphism
from the free graded Lie algebra L * (G ab ) is an epimorphism, and an isomorphism for G stalkwise free, see Theorem 7.5 of [9] .
The Kan construction G(X ). Let X be a reduced pointed space, meaning that X 0 is equal to the point. One denotes by G(X ) the sheafification of the Kan G construction [9, Definition 3.15 p. 133] on the presheaf U → G(X (U )). It is a simplicial sheaf of groups, stalkwise free.
Standard homotopical algebra provides a canonical isomorphism in the pointed simplicial homotopy category of spaces between RΩ(X ) and G(X ).
Using the main results of [8] we get:
Theorem 3.3. Let X be a simplicially 1-connected reduced pointed space. Then for each r ≥ 1 the morphism
is at least {1 + log 2 (r)} simplicially connected.
The fiber of the morphism
From what we recall above, G(X ) being stalkwise free, this simplicial abelian group is isomorphic to the simplicial sheaf of abelian groups
obtained by degreewise applying the free Lie algebra functor in degree r − 1 to the simplicial abelian group G(X ) ab . This simplicial sheaf of abelian groups F r is also (approximatively) {1 + log 2 (r)} simplicially connected.
The A 1 -lower central series. We may now deduce from the unstable A 1 -connectivity result of [41] the following: 
Proof. From [41] the exact sequence of simplicial sheaf of groups
is automatically an A 1 -fibration sequence. Now from loc. cit. the space Γ r (G(X )) being simplicially {1 + log 2 (r)} connected, is {1 + log 2 (r)} A 1 -connected. If X is a pointed space, we letZ(X ) be the free sheaf of abelian groups generated by X modulo the relation * = 0 (base point equals 0). In other words we have a canonical direct sum decomposition in the category of simplicial sheaves of abelian groups of the form:
The associated normalized chain complex to the simplicial sheaf of abelian groups Z(X ) is called the reduced chain complex of X and is denoted bỹ C * (X ) of X . The Dold-Kan correspondance gives an isomorphism of simplicial sheaves of abelian groups (see [9] )
An easy inspection in the previous definitions gives the following standard fact:
Lemma 3.5. There exists canonical isomorphisms of simplicial sheaves of abelian groups
It follows that the space F s considered above is in fact (up to canonical isomorphism)
, a functor of the reduced simplicial chain complexC * (X ). Let us denote by F A 1 s the A 1 -localization of F s . We will use the simplicial fibration sequences
)) It is (up to simplicial weak equivalence) a principal fibration sequence with connected structural group
An A 1 -quasi-isomorphism C * → D * is a morphism of chain complexes which induces an isomorphism in the A 1 -derived category D A 1 (Ab(k)) or, equivalently, which induces a quasi-isomorphism after applying the
The following result may be proven along the "classical" lines (see [11] ) for instance. 
is an A 1 -equivalence (of spaces).
For this reason the chain complexes (or spaces) of the form L A 1 (L s (KC * )) are called the total derived functors of the (non-additive) functor L s .
Thus it follows that the above space
is simplicially weakly equivalent to
The right hand side is called the total
Together with what we have done before, we may summarize the previous results as follows. Let X be a 1-connected A 1 -local reduced pointed space. For each s ≥ 1 set
and γ s (X ) := L A 1 BΓ s (G(X ))) the homotopy fiber of the canonical morphism X → W s (X ) (in the simplicial homotopy category).
Theorem 3.7. Let X be a 1-connected A 1 -local reduced pointed space. Then for any s ≥ 1 the A 1 -local space γ s (X ) is {1 + log 2 (s)}-connected and in particular the morphism
Moreover the morphism W s → W s−1 a principal fibration with group
) has the rigidity property, then X has the rigidity property.
The rigidity property of the space BL
) is a property concerning only the chain complexC A 1 * (X ). We thus have reduced the rigidity property for such 1-connected A 1 -local pointed spaces X to a property involving only the reduced A 1 -chain complexC A 1 * (X ). In the next section we make this observation quite precise.
A 1 -homological characterization of the rigidity property.
A 1 -Derived functor of the free Lie algebra functor. Our aim here is to prove the following Theorem, mentioned has Theorem 10 in the introduction: Theorem 3.9. Let X be a pointed simply-connected A 1 -local space over the base field k, be a prime different from char(k). If the A 1 -chain complexes C A 1 * (X n ; Z/ ), n ≥ 1, have the rigidity property at , then the space X satisfies the rigidity property at .
To explain the fineness of the previous Theorem 3.9 let us make some observations. Remark 3.10. We already observed that there exists an A 1 -localization functor L A 1 on spaces which commutes to finite products, thus takes simplicial sheaves of Z/ -modules to simplicial sheaves of Z/ -modules. This follows from [44] Given a chain complex of sheaves of abelian groups C * concentrated in non negative degrees, the associated morphism of normalized chain com-
* is not an A 1 -local complex in the sense of [41] . It is a non-trivial result [41, Corollary 3.24] that for a complex C * ∈ C ≥0 * (k) which is 0-connected, the morphism
. Quickly said, we have a simplicial weak-equivalence
This is false in general if C * is not assumed to be 0-connected. For instance take is not an isomorphism.
Remark 3.11. Let X be a space. The canonical morphism of chain complexes C * (X ) → C A 1 * (X ) from the simplicial chain complex to the A 1 -local chain complex of X is not in general a quasi-isomorphism. Of course by the very definition it is an A 1 -quasi isomorphism, as
is also alsmost never a quasi-isomorphism! In other words in general, the homology sheaves of C * (X ) will not be strictly
For instance take X to be BG m , an A 1 -local space. Then
is an isomorphism in homology up to degree 1 included. But H 2 (BG m ) = Λ 2 (G m ) can be shown not to be a strictly A 1 -invariant sheaf; as a consequence, the previous morphism of chain complexes is not an isomorphism on H 2 .
One should also notice that a product of finitely many spaces whith the rigidity property has the rigidity property, and a (derived) tensor product of finitely many chain complexes with the rigidity property has the rigidity property, as it follows from the Künneth formula. However, a tensor product of finitely many A 1 -local chain complexes will not be in general A 1 -local.
We end up this remark by the following questions: let X be a space with the rigidity property is it true that its A 1 -localization L A 1 (X ) also has the rigidity property ? Let C * be a chain complex with the rigidity property. Is it true that its A 1 -localization L ab A 1 (C * ) will have the rigidity property ? Now we sketch the proof of Theorem 3.9. We first observe that to prove Theorem 3.9 it suffices to establish: Theorem 3.12. Let C * be a chain complex of Z/ -modules such that H i (C * ) = 0 for i ≤ 0 and such that for each integer n ≥ 1 the
has the rigidity property at .
Proof of Theorem 3.9 using Theorem 3.12. By Corollary 3.8 it is sufficient to show that the spaces
) have the rigidity property at , or equivalently that the spaces
) have the rigidity property at by Remark 2.5. By Theorem 3.6, we know that
is a simplicial weak equivalence, as well as
Now we see that it suffices to check that the spaces L A 1 (L s (K(C A 1 * (X ; Z/ ) [−1]))) have the rigidity property at . Now this follows from Theorem 3.12 applied to the chain complex C * =C A 1 * (X ; Z/ )[−1]); observe that the A 1 -localization of the chain complexes (C A 1 * (X ; Z/ )[−1])) ⊗n is quasiisomorphic to the chain complexC A 1 * (X ∧n ; Z/ )[−n]), which, being a summand of C A 1 * (X n ; Z/ )[−n]) has the rigidity property by assumptions, which shows that C * satisfies the assumption of Theorem 3.12. Now to get Theorem 3.12 we use some standard technics of devissage together with the following remarks.
From [9, 51] the free Lie algebra of a direct sum V 1 ⊕ V 2 decomposes canonically as:
where the index set B is the set of basic commutators B in two letters. This means in particular that the above isomorphism is an isomorphism of functors. This fact allows one for instance to control the statement of Theorem 3.12 if we have a cofibration sequence of chain complexes. Let us recall some notations for functors Ab → Ab. T n will denote the n-th tensor product functor A → A ⊗n , S n will denote the n-th symmetric tensor product functor A → A ⊗n / Σn . We will also have to use the -cyclic product functor A → C (A) := A ⊗ / Z/ and more generally for H ⊂ S m a subgroup, we denote by S H m the functor A → A ⊗n / H . Observe that if [S m : H] is prime to , the epimorphism S H m → S m admits a section when restricted (as functor) to the category of Z/ -modules. We extend these notations in the obvious way to sheaves of abelian groups.
The remaining idea to prove the Theorem 3.12 is the following. Let C * be a chain complex of Z/ -modules such that H i (C * ) = 0 for i ≤ 0 and such that for each integer n ≥ 1 the A 1 -localization L ab A 1 ((C * ) ⊗n ) has the rigidity property. We deduce from this that the A 1 -localization L ab A 1 (S n ((C * )) have the rigidity property by some standard homological algebra step. One proceed by induction on n. Then one observe that if divides n the functor S n can be expressed in term of functors S n with n < n and the cyclic functor C . This one is understood in terms of the cohomology of Z/ with values in T . Now we still have to deduce from these fact the rigidity property for the
The last idea is to use the Poincaré-Birkhoff-Witt Theorem.
, obtained by considering the tensor algebra as a Lie algebra. This morphism is injective and more precisely, let U i (M ) * ⊂ T * (M ) be the sub-Z/ -module generated by the products of j-elements of L * (M ) for each j ≤ i. One thus gets an increasing filtration of N-graded Z/ -modules
The Poincaré-Birkhoff-Witt Theorem [4] asserts that the canonical morphism of commutative graded (by i)
In a given degree s this gives an increasing filtration
is canonically isomorphic to the degree i part of the symmetric algebra on the free Lie algebra over M . Using the usual formula
s is as functor equal to the finite direct sum of the functors of the form
This permits to finish the proof of Theorem 3.12 by induction on s. More details may be found in [42] . (1) C is stable under arbitrary direct sums (and thus contains the 0 complex);
Reduction to the rigidity property for the
C A 1 * ((G m ) ∧n )'(2) For any exact triangle A → B → C → A[1] in D ≥0 A 1 (k),
if A ∈ C and (B ∈ C) then (C ∈ C).
The class C is said to be multiplicative if moreover: (3) For any A ∈ C and (B ∈ C) then A ⊗ B ∈ C.
We will say that a full subcategory C ⊂ D
≥0
A 1 (k) is a strict Class of complexes if the following axiom holds in place of (1): (1') C is stable under finite direct sums (and thus contains the 0 complex) and by direct summand.
Observe that a class is stable by telescopes and in particular by direct summand. Also classes and strict classes are stable by suspension. 
A 1 (k) be the class generated by the C * (i), i.e. the intersection of all classes of complexes which contains this family. We may also introduce the strict class of complexes generated by a family of complexes.
Define by induction on n an increasing family of full subcategories
A 1 (k) as follows: C (0) is the full subcategory with objects the elements of the family (C * (i)) i . The category C (n) has for objects the factors of the objects of C (n−1) and the cones of morphisms in C (n−1) . Clearly
) is a class of complexes, the full subcat- ⊂ D ≥0 (Ab(k)) consisting of chain complexes whose A 1 -localization has the rigidity property at is a class of complexes.
The usual splitting of the sheaf Z((G m ) n ) as
induces a corresponding splitting of the
Consequently, the class of complexes generated by the C A 1 * ((G m ) ∧i )} i )'s is the same as the one generated by the
The class of mixed Tate complexes is the class
generated by the A 1 -chain complexes of all the smash-power of G m 's or equivalently by all the split tori. The class of strict mixed Tate complexes is the strict class C str.−T ate A 1 (k) generated by the A 1 -chain complexes of all the smash-power of G m 's.
A 1 (k) are both multiplicative and contained in the class of A 1 -local chain complexes. A 1 -chain [55] . Now using the homotopy purity theorem of [44] , the quotients sheaves Ω i−1 /Ω i are canonically isomorphic in the A 1 -homotopy category to the Thom space of the trivial bundle, which means a pointed space of the form 
Bruhat decomposition and
It follows at once that the A 1 -chain complex G is of mixed Tate type. The statement concerning C A 1 * (BG) follows from this, the fact that the class of mixed Tate complexes is multiplicative, by considering the usual skeletal filtration of BG,
To prove the last statement, we observe by the Bruhat decomposition that the cone C of T ⊂ G (do no confound with the homogeneous variety G/T ) is always the suspension of a strict mixed Tate type. Now we saw in Theorem 1.5 that if G is simply connected it is A 1 -connected. It follows from the results in [41] that the morphism T → G is then trivial in the pointed A 1 -homotopy category. Thus the cone C is isomorphic to the wedge G ∨ Σ(T ) which proves the last property.
Remark 4.9. Observe that because BG → BSing A 1
• (G) is an A 1 -weak equivalence, it follows that the morphism of chain complexes
is a quasi-isomorphism.
It follows from all what we have been doing so far, that for G a split semisimple and simply connected algebraic k-group, to check that the pointed A 1 -local simply connected space
has the rigidity property at it suffices to prove that for each n ≥ 1, the chain complex C A 1 * ((G m ) ∧n ; Z/ ) has the rigidity property. This follows from Remark 4.6, Theorem 3.9 and Theorem 4.8.
Thus Theorem 3 for G is a consequence of the following Theorem, which by the way, doesn't depend on G. It is proven in Section 5 below. 
has the rigidity property.
Remark 4.11. We already mentioned that in fact we can prove the strong rigidity property for these complexes. See [43] . 
Some further questions concerning the
is an isomorphism in theétale topology, where the complex Z/ (n) is the mod motivic complex in weight n defined by Suslin-Voevodsky [67] .
Proof. [n] in theétale topology. We see that we get the same answer by the usual computation ofétale cohomology of G n m .
In fact we conjecture the following. Let K
MW n
be the sheaf of unramified Milnor-Witt K-theory defined in [41] . There is a canonical epimorphism K MW n → K M n and we let Z A 1 (n) be the chain complex of sheaves of abelian groups on Sm k in the Nisnevich topology defined as the fiber product
From [41] there exists a canonical morphism
on the 0 homology sheaves.
The following conjecture is a refinement of Corollary 4.12:
Conjecture 4.13. For any field k, the morphism
Indeed the fiber of the above morphism is a complex concentrated in degree 0, equal by [41] and the Milnor conjecture to the sheaf I n+1 by [37] ; now the sheaves I n are zero in theétale topology for n ≥ 1.
The rigidity property for the
In this section we prove that the chain complexes C A 1 * ((G m ) ∧n ) have the rigidity property, completing thus the proof of Theorem 3 and Corollary 6.
Our method is to endow the homology sheaves of C A 1 * ((G m ) ∧n ) with a natural structure of sheaf with transfers in a slightly more general (or weaker) sense as the notion of Voevodsky [67] . In Section 5.2 below we achieve the proof of Theorem 3 by showing that this new kind of sheaves have the rigidity property at by reducing to the classical rigidity theorem from [63] . These structure on the homology sheaves are coming in fact from transfers morphisms at the chain complexes level:
where K ⊂ L is a monogenous finite extension between finite type fields extension of k, and the notation RC S * denotes the derived internal functional complex. This is done in details in [43] .
Remark 5.1. Contrary to our first belief, the construction of the above transfer morphisms on the A 1 -localization of the Z((G m ) ∧n ) are not directly related to the transfers morphisms on the sheaf G n m . It is not so clear to formalize our construction and to write down a minimal list of axioms for a sheaf M that guaranties that the homology sheaves of the chain complex L ab A 1 (Z(M)) will have this type of structure. It seems that a good general candidate for is a sheaf of the form Z(G m ) ⊗ M where M is any reasonable sheaf. This is still an open question.
On the converse, even if M be a strictly A 1 -invariant sheaf with transfers in the sense of Voevodsky then in general the chain complex L ab A 1 (Z(M)) has not the rigidity property at . In particular it has no suitable transfers structure in general. For instance take the free sheaf of abelian groups Z(E) on the sheaf with transfers M = E given by an elliptic curve E over k. Then the sheaf Z(E) itself is a strictly A 1 -invariant sheaf, and is thus equal to its own A 1 -localization. One may check that it has not the rigidity property at .
The Transfers morphisms on the
We consider the free pointed sheaf of abelian groups Z(n) := Z(G ∧n m ) on the smash-product G ∧n m (this means that we impose the relation "base point" = 0). We define below an explicit inclusion of sheaves of abelian groups on Sm k of the form:
with two basic properties: 1) For each monogenous finite extension K ⊂ L of fields of finite type over k, there is a canonical transfer morphism
with nice natural properties; Z tr (n) is more or less the universal sheaf with this property, it is defined as the sheaf of finite correspondences to A 1 with coefficients in Z(n) in the spririt of [67] . 2) The inclusion Z(n) → Z tr (n) is is an A 1 -equivalence, in a quite explicit way. In particular applying the A 1 -localization functor to Z(n) → Z tr (n) yields a quasi isomorphism of the form:
The transfers morphisms from 1) and some general fact on A 1 -localization of derived functional complexes allow one to construct the transfers morphisms on each of the homology sheaves
which will endow these homology sheaves with a structure of strictly A 1 -invariant sheaves with generalized transfers that we describe and use in the next Section 5.2 below, in which we also prove a rigidity theorem.
Remark 5.2. The transfers morphisms we get are the "correct" ones. For instance the transfers we get in this way on H A 1 0 ((G m ) ∧n ) which is the unramified sheaf of Milnor-Witt K-theory in weight n, K MW n described in [41] , are the "usual" ones, and are indeed compatible with both the transfers in Milnor K-theory K M n and with the canonical transfers in the n-th power of the fundamental ideal I n [1] [53] through the canonical epimorphisms
In the sequel, we simply denote the sheaf Z(n) by Z when no confusion can arise on n, which is fixed everywhere from now on. The sheaf of abelian groups Z has many good properties. It is an unramified sheaf of abelian groups in the sense of [41] , which means that its value on a smooth irreducible k-scheme X with function field K is the intersection in Z(K) of the Z(O X,x ) where x runs over the set X (1) of points of codimension 1 in X. It is moreover A 1 -invariant. However Z is not a strictly A 1 -invariant sheaf though the sheaf G n m has this property; this is the whole point of the story of course! We start by observing that the sheaf Z admits a canonical structure of
is the free sheaf of abelian groups on the sheaf of groups G m (no condition on the base point) and as such is indeed a sheaf of commutative rings. We take the multiplication
(the correcting term is there to garanty that the map factors through the smash product.)
Observe that one has the easy formula
The above Z[G m ]-structure will a priori play a little role in the constructions below, only through the action of the [n] . However, to check the property of the transfers morphims it will be essential. See Section 5.2 below.
If X is a smooth k-scheme we let C(X; A 1 ) be the set of points y ∈ A 1 ×X such that the closure y (an irreducible closed integral subscheme in A 1 × X) is finite over X and dominate an irreducible component of X (see [67] ). We now define the sheaf Z tr . Its values on a smooth k-scheme X is the abelian group:
One of the hidden points of this definition is that we may actually define Z(y), which means that Z as a presheaf can be extended to singular kschemes of the type y.
Observe also that if X is irreducible with function field K one has a canonical inclusion Z tr (X) ⊂ Z tr (K). This follows from the fact that
Now we turn this definition into a presheaf on Sm k as follows. Let f : X → X be a morphism in Sm k . We want to define Z tr (f ) : Z tr (X) → Z(X ). Clearly if X = X 1 X 2 the group Z tr (X) splits accordingly as Z tr (X 1 ) ⊕ Z tr (X 2 ). To define Z tr (f ) we may thus assume that X and X are irreducible.
Assume first that f is dominant. Let K be the function field of X and L that of X . As Z tr (X) ⊂ Z tr (K) and Z tr (X ) ⊂ Z tr (L) we need first to define the morphism
, we denote by {z|y} the finite set of closed points in A 1 L which map to y through the induced morphism A 1 L → A 1 K and we write z|y to mean z ∈ {z|y}. In other words, the set of such z is exactly the set of points in the closed subscheme Spec(κ(y) ⊗ E F ) of A 1 F . For each z|y we let λ(z|y) ∈ N denote the lenght of z in κ(y) ⊗ E F . Then we take for morphism Z tr (K) → Z tr (L) the direct sum indexed by the y's of the following homomorphism whose source is the factor Z(κ(y)) of Z tr (K) and the target the summand
Here φ z is the induced fields extension κ(y) ⊂ κ(z) and Z(φ z ) : Z(κ(y)) → Z(κ(z)) the induced group homomorphism.
One checks that this construction induces a functor (Sm k ) op → Ab from smooth k-schemes and dominant morphisms to that of abelian groups. It remains to extends this to a functor (Sm k ) op → Ab and for this we first define restriction morphisms
for any closed immersion Z ⊂ X in Sm k everywhere of codimension 1.
One may reduce to X being the localization of the generic point of Z, that is to say X = Spec(A) where A is a geometric discrete valuation ring with residue field κ the function field of Z. In that case given y ∈ C(X, A 1 ) we let μ y be the length of the finite κ-scheme y × X Spec(κ). Let also t(y) ∈ C(Spec(κ), A 1 ) the image of y in A 1 κ . We take for morphism
the direct sum over the y's of the morphisms of the form: To prove that Z tr is A 1 -trivial we will embedd it into an other sheaf of abelian groups Z and we will show that both Z tr and the cokernelẐ := Z/Z tr admit an explicit A 1 -homotopy to zero. Now the cokernel Z tr has the following values on the henselization A of a point in a smooth k-scheme
where Z(y)/Z(A) is the cokernel of the injective morphism
Z(A) ⊂ Z(y)
The sheaf Z will have values on Spec(A) the group
where F is the fraction field of A, and for each closed point x of A 1 F we let A[x] ⊂ κ(x) be the sub-A-algebra of the residue field κ(x) of x generated by x itself, viewed as a function Spec(κ(x)) → A 1 F . We will write in the sequel
Observe that though κ(x) is a finite extension of F , in general x is not integral over A and A [x] is not a finite type A-module. The x which have this property are exactly the one integral over A which corresponds exactly to the y ∈ C(Spec(A), A 1 ) and gives the inclusion
The only problem to construct Z as a sheaf is to define the reduction morphisms
Z(A) → Z(B)
where A B is the morphism corresponding to a closed essentially smooth k-scubscheme Spec(B) ⊂ Spec(A). The basic idea is simple. Take an x as above. The kernel of the epimorphism A [X] A [x] , X → x is of course generated by a primitive Polynomial P 0 = a n X n + a n−1 We then define the reduction morphism on the summand
, we just take 0 for the reduction morphism on the summand Z 0 (A[x] ). The proof is straightwforward. This construction works only because we work with the sum of the Z 0 (A[x] ). There is no way to define a sheaf structure whose values on A would be
The main obstruction is when the reduction of P 0 in B[X] vanishes (see above) one doesn't know where to send Z (A[x] ). Killing the Z(A)'s everywhere kills precisely this obstruction; for the details see [43] .
Now it remains to explicit on both Z and the quotientẐ = Z/Z tr an A 1 -homotopy to zero. For the first one we proceed as follows. For F a field extension of k, we have the obvious action of We know claim that the sheafẐ is aslo A 1 -contractible by an explicit A 1 -homotopy to 0. More precisely for A the henselization of a point in a smooth k-scheme, with field of fractions F and residue field κ, we havê
where we mean x ∞ = ∅ if and only if P 0 is constant in κ[X] (observe that this holds exactly when the closure x ⊂ P 1 A of the point x meets the section at infinity Spec(A) ⊂ P 1 A ).
We take the action of A onẐ(A) which let 0 acts by the zero morphism and which let f ∈ A − {0} acts by mapping (again) x to x f . This defines an A 1 -homotopy of the identity ofẐ to 0 and proves the claim.
Remark 5.6. Contrary to the appearances, this homotopy, though very close to the previous one, is not compatible with the one on Z, and the epimorphism Z Ẑ doesn't preserve the A 1 -homotopy. In fact most probably, there is no A 1 -homotopy of the identity morphism of Z tr to 0.
Transfers structures on the H A 1
* ((G m ) n )'s and rigidity. We now write down explicitely the structures that we get on the homology sheaves H A 1 * ((G m ) n )'s by the construction of the previous section. First, the Z[G m ]-module structure can be seen to induce a structure of bGW -modules on these. Recall that GW denotes the sheaf of unramified Grothendieck-Witt groups on Sm k [41] . This is the strictly A 1 -invariant sheaf of unramified Milnor-Witt K-theory K MW 0 in weight 0 constructed in [41] . This is a sheaf of commutative rings and its sections on a field F ∈ F k is the ring of non-degenerated symmetric bilinear forms over F defined and studied in [36] . We denote as usual by < a >∈ GW (F ) the form of rank 1 associated to a unit a ∈ F × . There is an induced rank homomorphism GW → Z. If M is a sheaf of GW-modules and a ∈ F × a unit, < a >: M (F ) → M (F ), μ →< a > μ is thus the multiplication by the class < a >∈ GW (F ).
For any integer n ∈ N, we set
If n = 2m is even then [n] = m.h with h = 1+ < −1 > being the hyperbolic plane. If n = 2m + 1 is odd, then [n] = 1 + m.h. We will need the following notion 7 in the next definition. Given a field K of characteristic p and a unitary irreducible polynomial P ∈ K[X] we may write canonically P as P 0 (X p m ) where P 0 is a unitary irreducible separable polynomial and m ∈ N an integer. This corresponds to the canonical factorization of
We will denote by P 0 the derivative of P 0 ; thus P 0 = 0.
If char(K) = 0 then we just take P = P 0 and m = 0. Observe that if one has a root
Definition 5.7. Let M be a sheaf of GW-modules. A structure of generalized transfers on M consists of the following Datum: 7 The reader who doesn't want to care about inseparability problem in finite characteristic might ignore these and asume everywhere that the fields (or rings) are perfect
This Datum should satisfy the following 4 axioms:
Let λ x be the length of the local ring R x . Then
geometric discrete valuation ring of K with residue field κ. We assume that the integral closure B of A in L is also a discrete valuation ring with residue field λ. Let κ ⊂ λ be the induced residue fields extension and let e ∈ N be the ramification index. We let s B : M (B) → M (λ) and s A : M (A) → M (κ) be the restriction maps.
(A3)(1) If e = 1 that is to say
is monogenous, let x ∈ B be a generator of B over A and let P be its minimal polynomial. Let Q ∈ κ[X] be the minimal polynomial of the image x of x in λ; observe that x is a generator of λ over κ and that the mod κ reduction P of P is equal to Q e . Then the composition M (L)
Example 5.8. For a given integer n ∈ Z the sheaves K MW n may be shown to have such a structure, in a canonical way. The transfers morphisms are compatible with the one in Milnor K-theory through the projection K MW n → K M n and to the canonical transfers in I n (see [53] ) through the projection K MW n → I n .
Remark 5.9. An A 1 -invariant sheaf with transfers M in the sense of Voevodsky defines such a structure of generalized transfers, in which the GW-module structure in Data (D2) is taken to be the trivial one, that is to say GW acts through the rank GW → Z, and in which the Data (D1) comes by evaluating the transfers on the fields. We will see below in Theorem 5.16 that the converse holds. 
Note that the two parts of Axiom (A3) are not independant. For instance (A3)(2) in the case e = 1 implies (A3)(1) for a monogenous extension A ⊂ B. An other particular case of Axiom (A3)(2) is when Spec(B) → Spec(A) is totally ramified that is to say e = [L : K] and κ ⊂ λ is an isomorphism.
In characteristic 0 the two previous cases (e = 1 and e = [L : K]) are sufficient to characterize the generalized transfer structure. In finite characteristic it is a bit more tricky.
For a more conceptual approach on these Axioms involving modules of Kähler differential forms see [41, 43] . We gave the previous list of axioms, which doesn't seem "conceptual" because it is exactly the way we are going to check the properties by hands on the A 1 -complexes of tori in [43] . It would be interesting to have a more conceptual proof of these facts.
Here is for us the most interesting example: 
by the constructions of the previous section define a structure of strictly A 1 -invariant sheaves with generalized transfers in the previous sense.
The proof is straightforward though quite lenghty [43] .
The rigidity Theorem. We now state and prove a rigidity theorem for strictly A 1 -invariant sheaves with generalized transfers. The proof reduces to the "classical" rigidity Theorem of [63] . Proof of Theorem 3. From Theorem 5.12 and the previous Theorem, applied to the field k being a prime field, we get Theorem 4.10 which we already know implies Theorem 3 as well.
Let us mention a stronger form of Theorem 5.13 which is not really needed as far as the Friedlander-Milnor conjecture is concerned:
Theorem 5.14. Assume that if = 2 then any field F ∈ F k is of finite virtual cohomological 2-dimension. Let M be a strictly A 1 -invariant sheaf of abelian groups with generalized transfers. Then M satisfies the strong rigidity property at .
For the case = 2, in fact the proof of 5.13 follows directly from the classical rigidity theorem [63] and the following observation (observe that to prove Theorem 5.13 we may always assume that −1 is a square): Proof. By Theorem 5.16 it suffices to prove that the GW-module structure is trivial. But as −1 is a square, 1+ < −1 >= 2 is 0 in I(k). The sheaf I is thus a sheaf of Z/2-modules, which automatically acts trivially on a Z[ To treat the case = 2 (as well as the more general Theorem 5.14) we will have to work a bit more. More precisely we observe: Proof. By the previous Theorem M/IM is a strictly A 1 -invariant sheaf with generalized transfers in which the GW-module structure is trivial. The result follows now from Theorem 5.16.
Proof of Theorem 5.13. Let M be a strictly A 1 -invariant sheaf M with generalized transfers. We may assume that = 2 and that M is a sheaf of Z/2-modules (by Lemma 5.15). Let A be the (strict) henselization of a geometric point x in a smooth k-scheme X.
We claim that the filtration . . .
. . is finite. This follows from the previous Theorem, the affirmation by Voevodsky of the Milnor conjectures which implies (see [2, Lemma 2.1]) that for a field F of finite type over its prime field, I n+1 (F ) = 2I n (F ) for n large enough.
Thus to prove that the rigidty property it suffices to check that each of the morphism I n M/I n+1 M (A) → I n M/I n+1 M (κ) is an isomorphism, where κ is residue field. But this follows from the previous corollary and the classical rigidity property [63] .
A A 1 -coverings and Friedlander conjecture in degree 2
In this section we give a proof of the Friedlander conjecture in degree 2.
A.1. A 1 -coverings and central extensions of algebraic groups.
Recall that G denotes a split semi-simple k-group. We want to study a bit the sheaf π A 1 0 (G) defined in [44] . It is clearly a sheaf of groups in the Nisnevich topology.
If moreover G is assumed to be simply connected then for each field extension F/k the group G(F ) is generated by the images of the homomorphisms G a → G over F , where G a is the additive group see [65, §1.1.2] . Consequently G is weakly 0-connected and thus A 1 -connected by [ Proof. Given a central extension in theétale topology 0 → M → E → G → 1 with M as above, the morphism E → G is an A 1 -covering [41] . From the universal property of the universal A 1 -covering, we get a morphism G A 1 → E; the associated morphism in theétale topology has the required property. Uniqueness is easy to establish along the same lines.
Remark A.6. The previous Theorem can be strenghened as follows: say that a sheaf of abelian groups M is theétale topology is strictlyétale In this section we give a proof of the Friedlander conjecture in degree 2 using the construction of the previous section. Using the classical devissage and reductions, we see that it suffices to check the case G is simple and simply connected (in the sense of algebraic group theory), and F is separably closed.
The left hand side of the Friedlander conjecture is the group H 2 et (BG; Z/ ) that is to say the group of isomorphism classes of central extensions 0 → Z/ → E → G → 1 9 here p is the characteristic exponent of F of sheaves of groups in theétale topology. From the Theorem A.5, this group is isomorphic to Hom Ab(k) (π A 1 1 (G), Z/ ). On the other hands, the right hand side is the group H 2 (BG(F ); Z/ ) of isomorphism classes of central extensions
The group G(F ) is known to be perfect, F being infinite, so it admits a universal central extension of the form Remark A.8. It can be shown that for G a split simply connected absolutely simple F -group, F arbitrary, then the previous epimorphism K MW 2 ∼ = π A 1 1 (SL 2 ) π A 1 1 (G) induces an isomorphism of sheaves
except when G is of symplectic type, in which case
is an isomorphism. Also it can be shown that the central extension
induced by (A.2) and the epimorphism K MW 2 π A 1 1 (G) is the one constructed [6] , at least for F infinite.
Evaluting the universal extension (A.2) on F and comparing with the previous one of G(F ), we get a canonical homomorphism H 2 (BG(F )) → 10 to avoid notational contradictions, we choosed to write H2(BG(F )) for the group which is often denoted by H2(G(F )) π A 1 1 (G)(F ). It is also possible to show in fact that it is always an isomorphism (except maybe for very small finite fields). In other words we get an isomorphism, for any infinite field F H 2 (BG(F )) ∼ = H A 1 2 (BG)(F ) = π A 1 1 (G)(F ) This is a stronger result as the Friedlander conjecture in degree 2.
